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Abstract

Relevance

Today the classical thermodynamics as fundamentals of many physical sciences does not possess the finished
and accurate axiomatic creation of the theory. Its many provisions and ratios are based on the empirical facts
which are recognized as apriori and are not proved in terms of theoretical parcels.

Problem

In this paper the problem of a wording of thermodynamic provisions and ratios for spaces of ideal gas
conditions is considered on the basis of analysis of solutions of partial differential equations of the first
order.

Methods

In this work the method of characteristics for the solution of the quasilinear differential equations of the
first order was used. And also formulas and dependences of differential geometry and means of computer
mathematics are applied.

Results

It is shown that characteristics of partial differential equations are connected with entropy as a
thermodynamic function of condition. Geometric presentation of the received integrated surfaces is
executed. The connection between physical content of thermodynamic sizes (temperature, entropy, energy)
and their mathematical analogs is established. By numerical methods using the means of computer
mathematics it is illustrated the possibility of establishing consistent patterns of implementation of
thermodynamic processes and cycles at the description them as functions of time.

Conclutions

The assumption is formulated that irreversibility of thermodynamic processes can be connected with
temporal features of implementation of these processes. The offered approach allows to give simple
geometric interpretation of basic provisions and ratios of classical thermodynamics.

Keywords: ideal gas; provisions and ratios of thermodynamics; geometric interpretation.
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AHHOTAIINS

AKTYyaJIbHOCTD

KnaccnquKaﬂ TCpMOAMHAMMKA KaK OCHOBAa MHOT'HUX (1)H3I/ILICCKI/IX HayK Ha HACTOsALICC BPEMs HE o6na)1aeT
3aKOHYCHHBIM M YC€TKHM aKCHUOMATHYCCKHUM IIOCTPOCHUCM TCOPUH. HeKOTopre U3 ee IIOJIOKEHUN U
COOTHOHIGHI/Iﬁ 63.3I/IpyIOTC$I Ha SMIITUPUYCCKUX (I)aKTaX, IMMPU3HAIOTCA allpUOPHBIMHU U HE O6OCHOBaHLI C
TOYKHU 3PCHUA TCOPETUUCCKUX MTOCBLIOK.
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IIpodnema

B nanHOIi cTaTthe paccMaTpuBacTes 3aaada (HOPMYJITHUPOBKH MOJOKCHUNA M COOTHOIICHHUHA TEPMOIMHAMUKI
JUIi TIPOCTPAHCTBA COCTOSIHMW MJI€aJIbHOTO ra3a Ha OCHOBE aHaln3a pelleHHd IudQepeHranbHbIX
YpaBHEHHI B YaCTHBIX IIPOU3BO/IHBIX NIEPBOTO MOPSAKA.

MeTtoasl

B mHacrosmeit pabote OBUIM HCIIOJNIB30BaHBI METOJ XapPAaKTEPUCTUK JUIS pPEHICHHS KBa3WJIMHEHHBIX
muddepeHManbHBIX  ypaBHEHHH  IIEpBOrO  IOpsAKa, a Takke (GOpMyiasl M 3aBHCHMOCTH
g depeHIaTbHON TCOMETPUH U CPEICTBa KOMITBIOTEPHOW MAaTEeMAaTHKH.

PesyabTathl

[NoxazaHa cBs3b XapakTepUCTUK Au(PepeHInAIEHBIX YPaBHEHIH B YaCTHBIX MIPOU3BOIHBIX C DHTPOIHECH,
KaK TepMOAWHAMHYECKOW (yHKIHMEH COCTOSHUSA. DBBINOTHEHO T'eOMETpHYECKOe MPEICTaBICHHE
MTOJyYSHHBIX HMHTETPANbHBIX MOBEPXHOCTEH M YCTAHOBJIEHA B3aWMO3aBHCHMOCTH MEXKIY (HU3NIECKUM
COIlepyKaHUEM TEPMOJMHAMUYECKHAX BEITMUNH (TEMIIepaTyphl, SHTPOIINH, SHEPTHH) H UX MaTEeMaTHIECKUMHU
aHasoramu. Iloka3aHo, YTO UHCIEHHBIMH METOJAMH C HCIOJB30BAHHEM CPEICTB KOMITBIOTEPHOU
MaTeMaTUKHd MOXXHO YCTaHOBHTH 3aKOHOMEPHOCTH OCYIIECTBICHUS TEPMOIMHAMHUYECKUX MPOIECCOB U
LUKJIOB MIPU OMHMCAHUU UX QYHKIUSIMHA BPEMEHH.

BeiBoabl

CchopMynupoBaHO IMPEAINONOKEHHE, YTO HEOOPaTUMOCTh TEPMOAMHAMHUYECKHUX IIPOIIECCOB MOXET OBITh
CBSI3aHA C TEMIIOPAIBGHBIMH OCOOCHHOCTSIMU OCYIIECTBIICHHUS] 3THX IIPOIEeccOoB. [Ipe/ioKeHHbIH 1MoIX0n
MTO3BOJISIET JATh MPOCTYI0 TEOMETPHUYECKYI0 MHTEPIIPETAIUI0 OCHOBHBIM TIOJIOKEHUSM W COOTHOUICHUSM
KJIACCHYECKON TePMOIMHAMUKH.

KnroueBble ci10Ba: uIcanbHBINA Ta3; MOJOKEHUS W COOTHOLICHUS TEPMOAWHAMUKH;, T€OMETpHYEcKas
HHTEpIIpeTanusl.

INTRODUCTION

The classical thermodynamics is a theoretical basis for many physical sciences. But
thermodynamics’ theory is not full, its many aspects are contradictory and tangled, a number of
provisions has no logical clarity [3, 11]. Axiomatic creation of thermodynamics, despite many works in
this area [2, 4, 5, 7, 10, 13, 17-20], is not completed. The problem of entropy and development of various
systems of justification of its existence is connected with thermodynamic axiomatics. The fact of
existence of entropy as one of basic provisions in thermodynamics, the fundamental principle of its
increase and communication of entropy with irreversibility of processes in the nature are not completely
studied.

The second problem is related with the fact that operating with thermodynamic processes which
proceed in time, the classical thermodynamics does not give the answer to a question what is the place of
time in the theory. Time exception paradox in ratios of classical thermodynamics is connected with a
concept of equilibrium (infinitely slow) process. However, the set of experimental justifications in
thermodynamics is not connected at all with implementation very slow (equilibrium, quasistatic)
processes [12].

It is impossible to claim that the entity of a problem of irreversibility is determined by a slow or
rapid current of process. However, the hypothesis that irreversibility is related with features and patterns
of development of thermodynamic processes in time has the right for existence. Therefore, this problem
can be studied only at entering of time parameter to the equations of classical thermodynamics.

To understand the issues stated above, let’s address to a concept of ideal gas. This model is
rather simple and evident and allows geometric interpretation of the basic concepts and ratios in three-
dimensional space. However, the analysis of references is showed that the works devoted to disclosure of
geometric sense and interpretation of thermodynamic sizes, ratios and laws are not enough. This direction
of researches is affected most of all in K. Caratheodory [7], Falk and Jung [20] and Mlodzeevsky's works
[9]. There is no fair and evident idea about connection between thermodynamic processes and objects and
geometrical structures and the relations yet. Proceeding from this, there are no obvious analogies between
the physical maintenance of thermodynamic values (temperature, heat, entropy, energy, etc.) and their
mathematical models.
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In works of authors [1, 14, 15, 16] attempts of application of methods and means of differential
geometry at justification of models of thermodynamic conditions, processes, ratios and regularities were
made earlier. In our opinion, perspective approach in the solution of this task lies in the analysis of
solutions of partial differential equations of the first order and differential Pfaff forms [6] which are the
basis for the theory of thermodynamics.

So, the purpose of this article is establishment of communication between the physical
maintenance of the main thermodynamic values and their models on the basis of application of methods
and means of differential geometry. It will allow to give geometric interpretation to basic provisions and
ratios of classical thermodynamics. The research of this task at the description of processes in time is
possible both by the analytical solution of the differential equations of thermodynamics, and the
application of methods and means of computer mathematics.

MAIN PART

PURPOSE OF WORK

The thermodynamic system usually refers to a set of macroscopic bodies and fields of the
physical nature, which represents a complete object and interact as among themselves and with the
environment. At the same time the condition of a system is defined as a set of its thermodynamic
properties which parameters are formed under the influence of environmental conditions in particular
timepoint. It means for ideal gas that each its state is unambiguously defined by values of specific volume
v and pressure p. Let's assume that at commission in time of any process [ parameters of a condition of
ideal gas can be presented by the parametrical equations concerning time t: v = v(t) and p = p(71).

Let's use the skilled fact of temperature existence. Temperature 7 is called the measure of a
deviation of a condition of the studied thermodynamic system from a condition of thermal balance of a
reference body in the standardized conditions. The corresponding reference body is called the
thermometer. Depending on what reference body is accepted as the thermometer, different scales of
empirical temperatures are distinguished. At the same time the ideal gas scale represents a special form of
a measuring temperature scale.

The next skilled fact is existence of a concept of amount of heat and thermal capacities. Amount
of heat Q is the physical quantity characterizing process of heat exchange between a thermodynamic
system and the environment. Thermal capacity c: is entered in physics as a special type of value which is
one of thermal characteristics of substance. There is a set of methods of determination of thermal
capacities of gases, solids and liquids in experience [12]. The equation determining the amount of heat in
process which is necessary for temperature change of a body is usually presented concerning temperature
and thermal capacity of a body in the form:

a=(g) (1)

qT
Thus, proceeding from the experimental data, it is possible to claim that the amount of heat and
temperature are connected with pressure and specific volume of ideal gas.
Let's construct on the plane of Cartesian coordinates the geometric system in the form of the
space of condition of ideal gas where coordinate axes correspond to independent variables v and p. As
between values Q and T in any process there is a communication (1), ratios will be correct:

] T a T
£=cp£ and £=cv5, (2)
where ¢, and ¢y are thermal capacity of ideal gas with a constant pressure and constant volume
respectively.
According to Klapeyron's equation T = pv/R; temperature has a look of uniform function of the
second degree. So it satisfies to Euler's formula:
1( aT T
T=E(17£+p£) (3)

HAYYHBIN PE3YJIbTAT. ”HO®OPMALIMOHHBIE TEXHOJIOT MU
RESEARCH RESULT. INFORMATION TECHNOLOGIES



0151 onucaHusi cocmosiHusl udeasnvHozo 2asza // HayuHblll peyssmam. HHPopmayuoHHble 24
PEBYJ 1D I A] mexHonozuu. - T4, Ne2, 2019

I—IA 5} I_]J —IbIM lllesyosa M.B., AgepuH I'.B. KeazuiuHeliHvle dudpdepeHyuanbHble ypasHeHUs nepeozo hopsioka .

RESEARCH RESULT

Taking into account ratios (1) this equation can be presented in the form of the linear non-
uniform partial equation of the first order concerning value Q:
v dQ p 0Q _
2¢cp OV + 2¢y Op =T (4)
The solution Q = Q(v,p) for the equation (4) geometrically represents a surface in three-
dimensional space (v,p, Q) which is called an integrated surface. Let’s use method of characteristics

which are defined by the system of the ordinary differential equations [8, p. 41]:
dv _ dp _ dQ _
2¢,— ~ ZCP? == ds, (5)
where s is any real parameter. If we will determine parameter s as the arch length changing along a

characteristic curve, the equations (5) will take a form:
d d d
Y_r.22_P @Q_r_r (6)
ds 2¢cp” ds 2¢,” ds R;
From the first two equations (5) the dependence for the value ds turns out. It has a form of
known thermodynamic equation used in definition of entropy of ideal gas:

dq dv dp
dS—T—ZC ?+2Cv?,
§—Sy= cpln + cvln— (7)

Thus, in geometric representation the entropy is arch length for the characteristic curves
corresponding to the field of the directions which is defined by the system of the equations (5). From the
theory it is also known [8, p.42] that the integrated solution Q = Q(v,p) of the equation (4) can be
covered with collection of characteristics. And any characteristic curve determined by the equations (5)
and having the common point with the integrated surface entirely lies on this surface.

The integrated solution of the equation (4) can be found in an analytical way. Cauchy problem
for this equation is connected with finding of the integrated surface Q = Q (v, p) passing through the set
curve of any process [ which can be presented in a parametrical form concerning time t:

v = v(@)p = pi();Q = QD).

The general solution of a system of the equations (5) concerning entropy has a look:

S S
v = viesp (g )iv = mew ()
P v

by S
Q Ql + Cpﬁl i < <2Cpﬁ1> 1) ’
C
P = o +vcv- (8)
For receiving the integrated surface in three-dimensional space (v, p, Q) we set parametrically a
curve of process / and exclude values s and 7 [8, p. 42].

Let's assume that process of [ is isobaric, and the line of process /, through which the integrated

surface has to pass, is set by the parametrical equations concerning time t:

U= v+ aTpp = Py

Q=c,T,=c, —(””j:f)”l )

vy, p; - thermodynamic parameters of gas in some initial point where t=0.
Having substituted (9) in (8) and excluding values s and T we will receive:

Q=c, —(ﬁ1+ﬁz( )_> (10)

k = c,/c, - adiabatic curve indicator.
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Similar results can be received by numerical methods, using means of computational
mathematics. Let that condition of hydrogen in initial timepoint has parameters —pressure p; =
101325 Pa and specific volume v; = 11,12720 m3/kg.

At expansion in isobaric thermodynamic process during 100 sec. specific volume increased to
v, = 15,20087 m3/kg. At the same time temperature have changed from T; = 273,15K to T, =
373,15 K.

We construct the integrated surface which is the solution of the equation (4), using the system of
computer mathematics Maple (Fig. 1).

Q)

7000
6000

5000+

4000~

3000 p

10
o 6)00008()()0[)
;14 1000b°0%
L gl 120000

Puc. 1. InterpanbHas HOBEPXHOCThH JIJISl KOJIMYECTBA TEIIOTHI MPU M300apHOM IIPOLIECCE PACIIUPEHUS
BOJOPOAA
Fig 1. Integrated surface for amount of heat at isobaric process of expansion of hydrogen

Thus, on the basis of solutions of partial differential equations of the first order it is possible to
describe changes in time of conditions of ideal gas at thermodynamic processes.

GEOMETRIC INTERPRETATION OF THERMODYNAMIC VALUES
It is known that integrated surfaces of the quasilinear equation (4) can be covered with the

collection of characteristics which are defined by equations (5). The functions f; = %, fo = %, f3=T
D v

in the equation (4) define a field of the directions in space (v, p, Q) where in each point of this space there
is a direction which directional cosines are proportional to f;, f5, f3. Thus, the equation (4) resolves itself
into requirement that in each point of integrated surface Q = Q (v, p) vector determined by the field of the
directions stated above have to be in the tangent plane to this surface [8, p. 41].

Let process [ in space (v, p, Q) is set in parametrical form (8). Let's put lo a projection of curve [
on the vOp plane. Then for the equation (4) Cauchy problem is formulated in a form: to find the
integrated surface of the equation (4) passing through the set curve [ in the neighborhood of projection /o.
Geometric interpretation of Cauchy problem assumes that in space (v, p, Q) through each point of process
[ it is necessary to carry out characteristic of the equation (4) and "to stick together" from them an
integrated surface.

On the vOp plane it looks as follows (fig. 2, a). There is a projection of process lo from the
beginning at point Ay(v,,p;) and the end at point By(v,, p,). Through points A, and B, characteristics 1,
isotherms 2 and adiabatic curves 3 pass. The collection of characteristics is described by the equation p =
Cv*, proceeding from the first integral of a system (5), collection of isotherms — pv = C. In turn, the
collection of adiabatic curves is described by the equation pv* = C. The entropy (7) in such
representation will be characteristic’s arc length, and adiabatic curves will represent lines of level for
characteristics at s=const. Adiabatic curves, isotherms and characteristics in pairs form some network of
curvilinear not orthogonal coordinates on the vOp plane.
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Puc. 2. 'eomerpuueckas unreprnperanus 3aaaun Ko s ypaBuenus (4):
a — Ha rockoctu vOp; 6 — B mpocTpancTie (V,p, Q)
Fig. 2. Geometric interpretation of Cauchy's problem for equation (4):
a—on vOp plane; 6 —in (v,p, Q) space

The geometric solution of Cauchy problem in (v, p, Q) space is constructed as follows. Through
any point Mo on vOp plane characteristic is carried out until its crossing with process lo. After that it is
necessary to put Q = Q;(7) taking into account the parametrical equations of process [ (fig. 2, b). The
integrated surface Q = Q (v, p) will characterize amount of heat for all set of conditions of ideal gas in the
neighborhood of process [ or its projection /.

In space (v,p, Q) it is possible to construct a surface of energy u = u(v,p) for conditions of

ideal gas, using for this purpose the equation u = ¢, T = ¢, %. Then for any process d/ change of amount
L

of heat can be presented in a differential form like the sum of two functions dQ = du + F(p,v). This
ratio will have an appearance of energy conservation equation. At the same time a problem of definition
of function F (p, v) is arised which can be solved by means of computational mathematics. It will allow to
establish provisions under which the differential form dQ = du + F(p,v) can have the known
appearance of energy conservation equation dQ = du + pdv.

CONCLUSIONS

The offered approach gives the chance to carry out geometric interpretation of basic provisions
and ratios of thermodynamics as Cauchy problem for partial quasilinear differential equations of the first
order has the evident geometric image in multidimensional spaces of conditions. It allows to give a
mathematical definition for entropy and to present it as an arc length of characteristic of the equation (4).
In turn, time and entropy describe states and processes of change of conditions of ideal gas in
parametrical form. Presentation of these physical values as parameters gives a chance to enter time into
the equations of classical thermodynamics and to give simple geometric interpretation to its basic
provisions.
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